Abstract. We study the back action on a coupled multiple-qubit system induced by a quantum cavity probe in a non-demolition quantum measurement scheme. The exact quantum state stochastic Schrödinger equation is derived to systematically investigate the dynamics of quantum entanglement of the multiple-qubit system inside the cavity probe. Although quantum entanglement cannot be directly measured through experiments, the back action on quantum entanglement in the multi-qubit system is witnessed by applying the exact quantum state stochastic equations. Our results demonstrate that the analysis on the sensitivity of the quantum measurement should include not only the standard quantum limit of the canonical operators, but also the back action on the quantum entanglement. Our new method proposed a theoretical approach to investigate the effects of the measurement back action on the multi-qubit systems induced by the cavity probe.
Introduction
A substantial effort has been devoted to the development of quantum spin systems, used as the source of stationary qubits. Recently, a number of pioneering results have been proposed, spin read-out and preparation, as well as coherent spin control and spin-spin entanglement manipulation. In the study of solid-state quantum processing, both in theoretical and experimental, the central topic is how to effectively read out the quantum state of a spin system. Using a spin system coupled to a cavity, forming a cavity quantum electrodynamics (CQED) system, the efficiency of readout the spin system state can be enhanced significantly. Thus optical cavities potentially supply a platform to investigate fundamental concepts and quantum characters of quantum information processing, quantum open systems, quantum state preparation and quantum measurement [1, 2, 3, 4, 5, 6, 7, 8, 9, 10]. A number of exciting results have been obtained, for instance, the deterministic multi-photon entangler inside a charged quantum dot micro-cavity [11] , single shot initialization of a spin using a single optical pulse [12] . Also the witness in experiments of the Bose-Einstein condensate, sing-photon blockade and n-photon blockade and so on. Finally, the spin-cavity interface can be applied to build up the quantum logic circuits and realize the quantum computation [13, 14] .
When take measurements on quantum systems, the non-demolition quantum measurement scheme is widely applied [18] . As the accuracy of measurement increases, the objects behave quantum mechanically. One of the advantages of non-demolition quantum measurement is that this technique does not induce additional errors into the to-be-measured quantities and can achieve the standard quantum limit (SQL) in the measurement. It already has been successfully applied in many models [15, 16, 17] . Since cavity QED can enhance the efficiency of detecting emitted photons and manipulating spin systems, we consider a non-demolition quantum measurement scheme on atomic systems by using the cavity probe, and the cavity is coupled to a photon detector. However the traditional discussion on such a non-demolition quantum measurement was previously developed for the weak coupling regime and isolated systems only, in which the cavity probe is treated as an idea quantum detector which behaves quantum mechanically during the measurement only and keeps classical and separated from the central spin system all the other time.
We need to develop a theory to study the whole non-demolition quantum measurement scheme in the general framework of quantum optics and open quantum systems [19, 20, 21, 22] , as shown in Fig. 1 . Thus the whole quantum system consists of three parts, the central spin system, the optical cavity probe and the photon detector. Under particular conditions, like the weak coupling strength case, the dynamics of the spin system can be approximately described by the Lindblad form master equation by taking the photon detector as a Markov environment. However, as we discussed, all the effort has been done is to increase the coupling strength between the spin system and the cavity probe, and enhance the ability to measure the spin systems. When the whole scheme is in the strong coupling regime, we need to identify respective contributions of the spin-spin coupling and of the quantum back action induced by the cavity probe on the dynamics of the spin system. Therefore, a more general theoretical tool is necessary to investigate the non-demolition quantum measurement scheme in the framework of non-Markovian open quantum systems.
In this paper, we apply the quantum-state diffusion (QSD) approach [23, 24, 25, 26] and extend it to the non-demolition quantum measurement scheme discussed above [27, 28, 29] . QSD approach, starting with the total system-environment Hamiltonian, supplies a clear microscopic explanation for the open quantum systems, and the derived QSD equations simulate the evolution of various quantum observables of the quantum system in the presence of the non-Markovian environment, in the dephasing and dissipative processing. One can generate the evolution of the reduced density matrix of the central spin system by taking ensemble average over all stochastic trajectories, which are governed by the QSD equations. Recently, it has been successfully applied Figure 1 : Schematic of the multi-qubit system. Left graph shows the multi-qubit system is coupled to the environment directly. The right one represents a quantum measurement scheme on the qubit system via a quantum cavity probe.
in many models, such as multiple-qubit systems, multilevel atomic systems and coupled cavity systems [30, 31, 32, 33, 34, 35] . However, dealing with the hybrid system, spin system coupled to a cavity, in the open quantum systems is always a open question. For generality, we study the model without any approximation. However, the discussion on the back action and quantum measurement is limited only when the cavity probe and the photon detector are coupled in Markov regime. We demonstrate that the contribution of the cavity probe on the spin system can be revealed by taking multiple coupled stochastic processes. We provide comprehensive analytical derivation of the QSD equations of the spin system, in fully non-Markovian regime. In addition, our method can be extended to more complicated models, such as the spin system is embedded in a multi-layer cavities structure. We finally demonstrate that the modulation of quantum coherence and quantum entanglement due to the cavity probe, and the back action on the spin system induced by the cavity probe, which supplies an insight of the quantum computing, quantum coherence control and quantum information processing.
The paper is organized as follows. In section 2, we quickly review the standard QSD method and briefly demonstrate the formal exact time-local non-Markovian QSD equations for the general non-demolition quantum measurement schemes. Our ansatz for this model is analytically derived. In section 3, we applied the exact QSD equations and the corresponding master equations to investigate the back action on the spin systems. Two examples are discussed, one-qubit and two-qubit systems. In the first example, we mainly focuses on the analytical derivation of the new method and its numerical simulation. In the second example, the influence of back-action on the quantum coherence and quantum entanglement in the spin system is demonstrated. In the last section, we come to some conclusions.
Generate Model and Exact Quantum-State Diffusion (QSD) Equations

Review of standard QSD approach
The total Hamiltonian of an open quantum system coupled to a zero-temperature bosonic environment can be described as, in the interaction picture, (settingh = 1)
where L is the Lindblad operator of system and a k (a † k ) is the annihilation (creation) operator of kth mode in the environment. Expanding the total quantum state in the Bargmann coherent state basis for all modes of the environment, z| = z 1 , z 2 , ..., z k , ...|, the kth mode of the environment is described by a coherent state with a random number z k and a k |z = z k |z . Thus the zero-temperature environment altogether can be described as a stochastic process, governed by the correlation function α(t, s) =
s) . Hence the stochastic Schrödinger equation is shown as [26]
where ψ t (z * ) = z|ψ tot is the quantum trajectory.
is the Gaussian random process. For different frequency spectrum, α(t, s) takes the corresponding correlation function. The last term in above QSD equation, functional derivative δψt δz * s , can always rewritten in the form of a product of a time and noise dependent operator O(t, s, z * ) and ψ t (z * ), and O operator can be determined by the consistency condition,
and its initial condition
operator is obtained, the exact QSD equation can be written in a compact form
2.2. QSD equations for the spin system confined in a cavity probe
The total Hamiltonian of the non-demolition quantum measurement scheme, consisting of three parts, the central quantum system H s , the cavity probe H p and the photon detector, as the environment H e , is (settingh = 1)
where L is the Lindblad operator of the spin system. g k are the coupling strength between the spin system kth mode and the cavity probe. L j is the coupling operator between the cavity probe and the environment, and f j,k ′ is the corresponding coupling strength between the operator L j and the k ′ th mode in the environment. Based on the above Hamiltonian and the Markov approximation, the conventional Lindblad master equation can be obtained automatically [19] . However for arbitrary coupling types, the Lindblad master equation is no longer valid. By contrary a theory considering the whole system in the framework of non-Markovian regime is necessary and the Markov case can be treated as a particular example.
Following the non-Markovian QSD approach, we treat the strongly coupled cavity and the non-Markovian environment as two independent Gaussian noises, expanded in the Bargmann coherent state basis z|a †
Since the cavity probe and the environment are two independent systems, therefore the two corresponding random variables z * k and y * k ′ are independent to each other. For simplicity, we consider a single mode cavity probe, linearly coupled to the environment. The formal QSD equation can be written as
where ψ t (z * , y * ) = z, y|ψ tot is the trajectory consisting of two independent noises. Similarly, two Gaussian random processes z with the corresponding correlation functions,
Note that the correlation functions in our discussion are directly determined by the frequency spectrum. For each stochastic process, we define the corresponding O operator
Both O z and O y operators consist of the two noises z * and y * at the same time. The time evolution is determined by the consistency conditions,
where
O z andŌ y are defined asŌ z = t 0 dsα(t, s)O z andŌ y = t 0 dsβ(t, s)O y . When cut off the outer layer environment, the above derivation can be downgraded to the standard QSD equation. Since y * t is eliminated and the corresponding correlation function β(t, s) is zero, and the above effective Hamiltonian is degenerated into H ef f = H s + iLz * t − iL †Ō , the standard form in QSD approach. Although the two stochastic processes are independent, the two O operators are correlated as the cavity probe and the environment are coupled. The two O operators are determined by
O y (t, s, z
where O(t, s) is the conventional O operator when the spin system is coupled to the environment directly. In order to satisfy the consistency conditions (14), O z and O y must consist of the same operator basis as O(t, s). Notably, the up limit of the integration in O z and O y is time index s, not t. This definition naturally matches with the physics in the process that the non-Markovian effort consists of two parts: 1) the coupling between the spin system and the cavity, the first layer; 2) the coupling between the cavity and the surrounding environment, the second layer. These two couplings supply two channels to allow the energy flow in and out. In addition, we can check the Markov limit by setting the two correlation functions as Dirac delta function, then O y = 0 and O z = L, which matches the conclusion of Markov QSD equations. Next, we will take some examples and demonstrate analytical derivation.
Examples and Numerical Results
Back action on one qubit system
As mentioned in the Fig. 1 , we take one qubit system as our first example. For simplicity, we use the one mode cavity as the quantum probe. The total Hamiltonian (5) is written as (settingh = 1)
where L = σ − is the system Lindblad operator. g is the coupling strength between the qubit and cavity, and f k are coupling constants between cavity and environment. As we know, in such simple example, the O operator is follow the form of f (t, s)σ − [26] and the QSD equation can be written in the form of Eq. (10) 
By definition, the corresponding coefficient functions N(t) and M(t) inŌ z andŌ y operators,
Substitute the new ansatz Eq. 24 into O operator consistency conditions, we obtain a system of two partial differential equations ∂n ∂t = iω s n + Nn,
If we take the time boundary condition of s → t, we can generate the new initial conditions as,
where we use the initial value f (t, t) = 1. We can solve N(t) and M(t) numerically for arbitrary correlation function by Eq. 28 with the boundary condition Eq. 30. For simplicity, we choose Ornstein-Uhlenbeck environmental noise, with β(t, s) = γ 2|g| 2 e −γ|t−s| . When γ → 0, the correlation function has very long memory time, equivalent to strong non-Markovian case. By contrary if γ → ∞, β(t, s) → δ(t, s) approaches to the Markov limit. 
With the explicit O operator 24, the exact time local QSD equation can be written in an appealing form,
Quantum state trajectory recovers density matrix after ensemble average:
. By Novikov theorem [34] ,
Then we can derive the exact master equation for this model for this simple case. General derivation of non-Markovian master equations for multiple-qubit systems can follow the ref.
[?].
In Fig.2 , the dynamics of the average population of the qubit system embedded in the cavity (red curves) is plotted. Because it is not easy to quantitatively investigate the back action on the atomic on system due to the cavity probe, we simply show the dynamics of atomic systems without the cavity (blue curves), as a comparison. In Fig.  2 (a) , the dynamics is generically discussed when the system is in the presence of a non-Markovian environment. The influence of the cavity performs as the manipulation of the coherence time. In Fig. 2 (b) , the decaying factor γ = 5, and is in the Markov regime, equivalent to a real quantum measurement scheme. Although all evolution curves show the Markov-like decaying, the back action on the qubit system is witnessed, longer decaying time and lower energy-loss rate. For the coupling between qubit and cavity g (red solid line and red dashed line), higher g-value creates the high-efficiency energy transition channel which allows the energy quanta in qubit transit in and out the cavity faster. This study informed us that the back action on coherence time is a must considered element when we perform the time-dependent measurements.
In this simple example, we focus on how to derive the new non-Markovian QSD equations for the embedded atomic system. Principally, the O operator in regular QSD approach must be used, since the new O z and O y operators can be linearly decomposed into an operator basis, same as the regular O operator. Also we showed the possibility of deriving master equations from corresponding QSD equations by applying Novikov theorem.
Back action on two-qubit systems
One qubit case is simple in math and physical phenomenon, as the decoherence evolution. In this section, we study the two-qubit system, on which the back action is investigated. In the two-qubit system, more non-linear quantum characters will be explored. The total Hamiltonian is shown as,
− is the system Lindblad operator. Recent research has shown that the O operator for two-qubit dissipative model always can be decomposed into five operators as basis [32] :
By substituting (42) into consistency condition, all coefficients could be determined, with its boundary condition, as shown in the appendix. Note that this exact O operator consists of noise term, so that O z and O y can be expanded by the regular operator basis, consisting of two noises:
Above coefficient functions could be numerically evaluated by a group of differential equations, and we can determine the exact O operator (45) thereafter. Finally we write down the time-local QSD equation in the formalism of O z and O y : Figure 3 : Dynamics of entanglement of two qubits. Indirect measurement (red solid) and direct measurement (blue dashed) cases are drawn separately. In (a), the qubit system initial state is (|11 + |00 )/ √ 2 and the initial state of the cavity probe is vacuum state. In (b), the qubit system initial state is |11 . The parameters are set as ω s = 2ω cav = ω, g = 0.5ω, γ = 5, κ 1 = κ 2 = 1.
In precise quantum measurement schemes, the discussions on sensitivity usually are focused on the standard quantum limit (SQL) of particular canonical quantum operators and their Heisenberg uncertainty limit. However, the error analysis on some quantities like quantum entanglement is invalid, because quantum entanglement is not an operator, and cannot be directly observed in the experiment. Any experimental analysis on quantum entanglement is rooted on the reduced density matrix gained via quantum tomography. In order to theoretically investigate the back action on such non-linear quantities, we simulate their evolution (red solid line) by using the extended QSD approach. In addition, we select a control group (blue dashed line) in which the atomic system is coupled directly to the detector. We solve the generic non-Markovian evolution, but we limit the discussion on back action in Markov regime, by taking the decay coefficient γ = 5. In Fig. 3 (a) , we prepare the qubit system in the maximally entangled Bell state (|11 + |00 )/ √ 2. Entanglement fluctuation and entanglement sudden death [23] and rebirth are observed. In contrary, the qubit system comes to disentangled eventually without rebirth when it is coupled to the detector directly. In Fig. 3 (b) , the two-qubit system is prepared in a separate state |11 initially, and the coefficients are set as κ 1 = κ 2 = 1. For this initial state, the two-qubit system should keep separated if it is directly coupled to the detector, and this phenomenon is shown (blue dashed line). However, we also notice that quantum entanglement arises when the cavity probe involves in the measurement. In another word, the generated quantum entanglement is the back action on the two-qubit system purely induced by the cavity probe. This result inspires us that even in a Markov measurement scheme, the system evolution still displays non-Markovian characters and long memory-time effect. Additionally, once we perform a sequential measurement on a quantum system, the deflection from the internal entanglement should be considered. Because of the strong coupling between the qubit system and the cavity probe, the collective evolution of the atomic system still show the non-Markovian characters.
Conclusion
In conclusion, the purpose of this paper is to analytically investigate the back action on the atomic systems in a non-demolition quantum measurement scheme via a cavity probe, particularly the back action of the nonlinear quantities, for example, quantum coherence and quantum entanglement. To solve this model analytically, we extend the regular QSD approach and derive the exact QSD equation in the space of two independent noises. The technical difficulties come from that the interactions between the quantum probe and the environment are in the strong regime, therefore the approximation methods based on weak coupling assumptions are no longer valid. We then derive a new set of O operators consisting of two independent noises respectively and determine the corresponding non-Markovian QSD equations, which allow us to investigate the quantum entanglement dynamics via the numerical simulations. In the two-qubit example, we study the back action on the quantum entanglement due to the cavity quantum probe, which inspires us that precision analysis is not complete if we only discuss the SQL of the canonical operators. The back action induced by the quantum probe on the undetectable quantities is also of great importance and necessity. Especially, to some non-observable quantities, our theoretical method supplies a possibility to study the back action and its influences. Applying the new ansatz (18), we have initial conditions based on boundary conditions, n 1 (t, t) = κ 1 − iM 1 (t), n 2 (t, t) = κ 2 − iM 2 (t), (A.19) n 3 (t, t) = − iM 3 (t), n 4 (t, t) = −iM 4 (t), (A 
